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Abstract

We studied the Einstein–Dirac equation as well as the weak Killing equation on Riemannian
spin manifolds with codimension one foliation. We prove that, for any manifoldMn admitting
real Killing spinors (resp. parallel spinors), there exist warped product metricsη̄ onMn × R such
that(Mn × R, η̄) admit Einstein spinors (resp. weak Killing spinors). To prove the result we split
the Einstein–Dirac equation into evolution equations and constraints, by means of Cartan’s frame
formalism, and apply the local preservation property of constraints.
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1. Introduction

Let(Pm, η)be anm-dimensional smooth oriented Riemannian spin manifold and denoted
by Ric andS the Ricci tensor and the scalar curvature, respectively. Let(, ) = Re〈, 〉 be
the real part of the standard Hermitian product〈, 〉 on the spinor bundleΣ(P ) overPm.
LetD be the Dirac operator acting on sectionsψ ∈ Γ (Σ(P )) of the spinor bundleΣ(P ).
The Einstein–Dirac equation is a minimal coupling of the Dirac equation to the Einstein
equation and defined by (see[11])

Dψ = λψ, Ric − 1
2Sη = T ,

E-mail address:eckim@chollian.net (E.C. Kim).

0393-0440/02/$ – see front matter © 2002 Elsevier Science B.V. All rights reserved.
PII: S0393-0440(02)00133-X



E.C. Kim / Journal of Geometry and Physics 44 (2002) 376–405 377

whereλ ∈ R is some real number and the energy-momentum tensorT is given by

T (X, Y ) = ±1
4(X · ∇Yψ + Y · ∇Xψ,ψ).

A non-trivial spinor fieldψ solving this Einstein–Dirac system is called anEinstein spinor
to eigenvalueλ ∈ R. In case that the scalar curvatureS does not vanish at any point, one
defines theweak Killing equationby

∇Xψ = m

2(m− 1)S
dS(X)ψ + 1

2(m− 1)S
X · dS · ψ

+ 2λ

(m− 2)S
Ric(X) · ψ − λ

m− 2
X · ψ,

whereλ ∈ R is some real number. A non-trivial solutionψ to the equation is called a
weak Killing spinorto weak Killing numberλ (shortly, WK-spinor to WK-numberλ).
Since rescaling the length of any WK-spinor provides an Einstein spinor, the WK-equation
is stronger than the Einstein–Dirac equation (in dimensionn = 3, the considered two
equations are essentially equivalent). Moreover, the WK-equation reduces to the Killing
equation[3,8]

∇Xψ = − λ

m
X · ψ,

if the metricη is Einstein.
Till now, the known examples of the Einstein spinors on Riemannian manifolds are as

follows:

(i) Real Killing spinors[2,3,9,15].
(ii) WK-spinors on quasi-Einstein Sasakian manifolds[11].

(iii) Einstein spinors on product manifoldsM6 × Nr , whereM6 is a six-dimensional
simply connected nearly Kähler manifold andNr is a manifold of general dimension
r admitting Killing spinors[11].

(iv) WK-spinors on the three-dimensional sphereS3 with non-standard merics[4,10,11].
(v) WK-spinors on the three-dimensional Euclidean spaceR

3 with non-constant scalar
curvature[11,13].

The object of this paper is to establish a special existence theorem for WK as well
as Einstein spinors. Namely, we prove the following theorem (seeTheorems 5.1 and 7.1
and Corollary 7.1). Interestingly, we find that the WK-spinors constructed onR

3 with
non-constant scalar curvature (see[11, p. 171]) are a special case of this theorem.

Main Theorem. Let (Mn, gM) be a Riemannian manifold admitting a real Killing spinor
ψM . Then, for any real numberλQ ∈ R, there exists a warped product metricη̄ onQn+1 =
Mn × R such that(Qn+1, η̄) admits an Einstein spinorψ to eigenvalueλQ. In particular,
if ψM is a parallel spinor, then the Einstein spinorψ becomes a WK-spinor to WK-number
λQ.

The key idea to prove the theorem is to split the Einstein–Dirac equation into evolu-
tion equations and constraints and apply the local preservation property of the constraints.
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We will explicitly give an initial-value formulation for the Einstein–Dirac equation, in
Riemannian setting, and solve it for a specific class of initial data sets. It is well-known
that, in Riemannian signature the Einstein equations are generally of elliptic type, mak-
ing the initial-value problem (the Cauchy problem) for general smooth data inappropriate.
However, when the considered Riemannian manifolds admit a codimension one foliation,
one can represent the Einstein equations to be of hyperbolic type, just as one does over
Lorentzian manifolds, and can indeed formulate the initial-value problem in a natural
way.

So far, not much has been studied about the initial-value problem for the Einstein–Dirac
equation. In Lorentzian signature, the spacelike initial-value problem for the Einstein–Dirac
system was considered by Bao et al.[1] in terms of 3+ 1 Hamiltonian formalism, but
no existence theorem was proved there. Recently, Friedrich and Rendall[7] indicated, in
terms of Penrose’s two-spinor formalism, that the Einstein–Dirac equation may be reduced
to symmetric hyperbolic evolution equations, illustrating some questions arising in the
reduction.

In this paper we give an invariant description of the initial-value formulation for the
Einstein–Dirac equation on Riemannian manifolds with codimension one foliation, in an
explicit form and in complete generality. The splitting of the Einstein–Dirac equation into
evolution equations and constraints will be achieved in terms of Cartan’s frame formalism,
and hence our formulation is valid on Riemannian manifoldsMn × R of general dimen-
sion n + 1. Sections 2–4of this paper are devoted to establishing the basic framework,
thehyperbolic representationof curvatures and the Dirac equation, on (possibly compact)
manifolds with codimension one foliation, and the framework may be of independent in-
terest for further study of the behaviour of spinor field equations under global change of
metrics.

2. Representation of curvatures and the Dirac equation with respect to reference
metric

LetPm be anm-dimensional simply connected smooth oriented manifold allowing spin
structure, and letη, η̄ be two Riemannian metrics onPm. Henceforth we fix the notationη
to denote a reference metric. Then there exists a unique(1,1)-tensor fieldK onPm that is
positive definite with respect toη and satisfies

η̄(X, Y ) = η(K(X),K(Y ))

for all vector fieldsX, Y . Recall that the Levi-Civita connection∇ η̄ of (Pm, η̄) is charac-
terized by the Koszul formula

2η̄(Z,∇ η̄
XY )=X{η̄(Y, Z)} + Y {η̄(Z,X)} − Z{η̄(X, Y )} + η̄(Z, [X, Y ])

+ η̄(Y, [Z,X])− η̄(X, [Y,Z]).

Letting (E1, . . . , Em) be a localη-orthonormal frame field onPm, for which

(F1 = K−1(E1), . . . , Fm = K−1(Em)),
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is η̄-orthonormal, and insertingX = Fi , Y = Fj ,Z = Fk into the Koszul formula, we have

2η(Ek,K{∇ η̄

K−1(Ei)
(K−1Ej)})

= η(Ek,K{[K−1(Ei),K
−1(Ej )]})+ η(Ej ,K{[K−1(Ek),K

−1(Ei)]})
− η(Ei,K{[K−1(Ej ),K

−1(Ek)]})
= η(Ek,K(∇η

Fi
Fj )−K(∇η

Fj
Fi))+ η(Ej ,K(∇η

Fk
Fi)−K(∇η

Fi
Fk))

− η(Ei,K(∇η
Fj
Fk)−K(∇η

Fk
Fj ))

= η(Ek,K{(∇η
Fi
K−1)(Ej )} + ∇η

Fi
Ej −K{(∇η

Fj
K−1)(Ei)} − ∇η

Fj
Ei)

+ η(Ej ,K{(∇η
Fk
K−1)(Ei)} + ∇η

Fk
Ei −K{(∇η

Fi
K−1)(Ek)} − ∇η

Fi
Ek)

− η(Ei,K{(∇η
Fj
K−1)(Ek)} + ∇η

Fj
Ek −K{(∇η

Fk
K−1)(Ej )} − ∇η

Fk
Ej )

= 2η(Ek,∇η

K−1(Ei)
Ej )+ η(Ek,K{(∇η

K−1(Ei)
K−1)(Ej )}

−K{(∇η

K−1(Ej )
K−1)(Ei)})+ η(Ej ,K{(∇η

K−1(Ek)
K−1)(Ei)}

−K{(∇η

K−1(Ei)
K−1)(Ek)})− η(Ei,K{(∇η

K−1(Ej )
K−1)(Ek)}

−K{(∇η

K−1(Ek)
K−1)(Ej )}).

Thus we obtain the following formula.

Proposition 2.1. The Levi-Civita connections∇ η̄,∇η are related by

∇ η̄

K−1(X)
(K−1(Y )) = K−1(∇η

K−1(X)
Y )+K−1{Λη(X, Y )},

whereΛη is the(1,2)-tensor field defined by

2η(Λη(X, Y ), Z)= η(Z,K{(∇η

K−1(X)
K−1)(Y )} −K{(∇η

K−1(Y )
K−1)(X)})

+ η(Y,K{(∇η

K−1(Z)
K−1)(X)} −K{(∇η

K−1(X)
K−1)(Z)})

+ η(X,K{(∇η

K−1(Z)
K−1)(Y )} −K{(∇η

K−1(Y )
K−1)(Z)}).

Remark 2.1.

(i) The exact difference between the Levi-Civita connections∇ η̄,∇η is related to the
tensorΛη by

∇ η̄
XY − ∇η

XY = K−1{Λη(KX,KY)} +K−1{(∇η
XK)(Y )}.

(ii) The relation

η(Λη(X,Z), Y )+ η(Λη(X, Y ), Z) = 0,

is valid for all vector fieldsX, Y,Z.
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(iii) Since

Λη(X, Y )−Λη(Y,X) = K{(∇η

K−1X
K−1)(Y )} −K{(∇η

K−1Y
K−1)(X)}

Λη ≡ 0 vanishes identically if and only ifΛη(X, Y ) = Λη(Y,X) for all vector fields
X, Y .

We will often use the shorthand notationΛη = Λ, if there is no possibility of confusion.
Proposition 2.1enables us to describe the behaviour of curvatures under global change of
metrics in a nice way: a direct computation gives

Rη̄(K
−1X,K−1Z)(K−1Y )−K−1{Rη(K

−1X,K−1Z)(Y )}
= K−1{(∇η

K−1(X)
Λ)(Z, Y )− (∇η

K−1(Z)
Λ)(X, Y )} +K−1{Λ(X,Λ(Z, Y ))

−Λ(Z,Λ(X, Y ))} +K−1{Λ(Λ(Z,X)−Λ(X,Z), Y )},
whereRη̄ (resp.Rη) is the Riemann tensor of̄η (resp.η). Contracting both sides of the
equation, we can now represent the Ricci curvature Ricη̄ as well as the scalar curvatureSη̄
with respect to the reference metricη.

Proposition 2.2.

Ricη̄(K
−1Y,K−1Z)−

m∑
j=1

η(Ej , Rη(K
−1Ej ,K

−1Z)(Y ))

=
m∑
j=1

η(Ej , (∇η

K−1Ej
Λ)(Z, Y )− (∇η

K−1Z
Λ)(Ej , Y ))+

m∑
j=1

η(Ej ,Λ(Ej ,Λ(Z, Y ))

−Λ(Λ(Ej , Z), Y )).

In particular,

Sη̄ −
m∑

i,j=1

η(Ei, Rη(K
−1Ei,K

−1Ej)(Ej ))

= 2
m∑

i,j=1

η(Ei, (∇η

K−1(Ei)
Λ)(Ej , Ej ))−

m∑
i,j,k=1

η(Ek,Λ(Ei, Ei))η(Ek,Λ(Ej ,Ej ))

−
m∑

i,j,k=1

η(Ek,Λ(Ei, Ej ))η(Ek,Λ(Ej ,Ei)).

Next, we review briefly the behaviour of the Dirac operator under change of metrics. Let
T (P ) be the tangent bundle ofPm, and letΣ(P )η̄ (resp.Σ(P )η) be the spinor bundle of
(P, η̄) (resp.(P, η)) equipped with the standard Hermitian product〈, 〉η̄ (resp.〈, 〉η). We
know that there exists a natural isomorphismK̃ : Σ(P )η̄ → Σ(P )η with

〈K̃(ϕ), K̃(ψ)〉η = 〈ϕ,ψ〉η̄, (KZ) · (K̃ψ) = K̃(Z · ψ),
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for allZ ∈ T (P ),ϕ,ψ ∈ Σ(P )η̄, where the dots “·” in the latter relation indicate the Clifford
multiplication with respect toη andη̄, respectively. In terms of local̄η-orthonormal frame
field (F1, . . . , Fm), the spin derivative∇ η̄ϕ is expressed as

∇ η̄
Xϕ = X(ϕ)+ 1

4

m∑
i=1

Fi · ∇ η̄
XFi · ϕ, ϕ ∈ Γ (Σ(P )η̄),

and the Dirac operatorDη̄ϕ as

Dη̄ϕ =
m∑
j=1

Fj · ∇ η̄
Fj
ϕ.

Making use of the formula inProposition 2.1, one finds now readily that the spinor deriva-
tives∇ η̄,∇η and the Dirac operatorsDη̄,Dη are related as follows.

Proposition 2.3. (see[5]). For all ψ ∈ Γ (Σ(P )η)

{K̃ ◦ ∇ η̄

K−1(Ej )
◦ (K̃)−1}(ψ) = ∇η

K−1(Ej )
ψ + 1

4

m∑
k,l=1

ΛjklEk · El · ψ,

{K̃ ◦Dη̄ ◦ (K̃)−1}(ψ) =
m∑
i=1

Ei · ∇η

K−1(Ei)
ψ + 1

4

m∑
j,k,l=1

ΛjklEj · Ek · El · ψ

=
m∑
i=1

Ei · ∇η

K−1(Ei)
ψ − 1

2

m∑
j,k=1

ΛjjkEk · ψ

+ 1

2

m∑
j<k<l

(Λjkl +Λklj +Λljk)Ej · Ek · El · ψ,

whereΛjkl := η(Λη(Ej ,Ek), El).

3. Representation of curvatures on manifolds with codimension one foliation

In this section we establish an intrinsic setting of the formulas that constitute the well-
known evolution system for the Einstein (vacuum) equation (see[6,7]). The evolution system
consists of two differential equations, describing the evolution of metrics (seeCorollary 3.1)
and the evolution of symmetric(0,2)-tensor fields (seeProposition 3.2), respectively. The
main aim of this section is to represent the Ricci tensor Ricη̄ hyperbolicallywith respect
to codimension one foliation. We use the terminology “hyperbolicrepresentation” in the
sense that such representation of differential operators, on manifolds with codimension one
foliation, transforms field equations of elliptic type involving metrics to hyperbolic systems
in PDE theory. Note in this view that the formulas inProposition 2.2may be thought of as
theelliptic representation of curvatures.
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Let (Qn+1, η) be an(n + 1)-dimensional smooth oriented Riemannian spin manifold.
We assume that there exists a codimension one foliation on(Qn+1, η) defined by a unit
vector fieldEn+1 with dEn+1 = 0, whereEn+1 = η(En+1, ·) is the dual 1-form ofEn+1.
LettingE⊥

n+1 denote theη-orthogonal complement ofEn+1 in the tangent bundleT (Q),
we note that dEn+1 = 0 implies the following facts (e.g. see[14]):

(i) For all vector fieldsV,W belonging toE⊥
n+1, all of [V,W ],∇η

En+1
V and∇η

WEn+1

belong toE⊥
n+1.

(ii) ∇η
En+1

En+1 = 0.

(iii) If Qn+1 is compact, then all the slices of the foliation are diffeomorphic.
(iv) If Qn+1 is simply connected, thenEn+1 = ds for some real-valued functions :

Qn+1 → R (Qn+1 must be non-compact) and the foliation is defined by the level
hypersurfacess = constant.

Let (E1, . . . , En,En+1) be a localη-orthonormal frame field onQn+1, withEj ∈ E⊥
n+1,

j = 1, . . . , n, and(E1, . . . , En,En+1) the dual frame field. Denote⊗r
s (E

⊥
n+1) the space

of all (r, s)-tensor fieldsB onQn+1 such that

η(Ei1 ⊗ · · · ⊗ Eir , B(Ej1 ⊗ · · · ⊗ Ejs )) = 0,

whenever eitherik = n + 1 for someik or jl = n + 1 for somejl . Now, consider a
positive definite(1,1)-tensor fieldK on (Qn+1, η). Letting η̄ be the metric induced byK
via η̄(X, Y ) = η(K(X),K(Y )) and identifyingη̄ with K2, we can express̄η as

η̄ = K2 =



n∑
i,j=1

(L2)ijE
j ⊗ Ei


+ En+1 ⊗ L2(ζ )+ η(L2(ζ ), ·)⊗ En+1

+ {η(L(ζ ), L(ζ ))+ ρ2}En+1 ⊗ En+1,

whereL ∈ ⊗1
1(E

⊥
n+1), ζ ∈ ⊗1

0(E
⊥
n+1) andρ : Qn+1 → R is a positive function.

This may be thought of as an intrinsic (Riemannian) version of the well-known ADM-
representation of metrics in general relativity.ζ agrees with theshift vector fieldandρ with
the lapse function. Note that the(1,1)-tensorK2 is related to the(1,1)-tensorL2 by

K2(V ) = L2(V )+ η(L2(ζ ), V )En+1

for all vector fieldsV ∈ ⊗1
0(E

⊥
n+1) and

K2(En+1) = L2(ζ )+ {η(L(ζ ), L(ζ ))+ ρ2}En+1.

Furthermore,L2 is positive definite on each slice of the foliation and, on the slices, coincides
with the metrics induced byK2. Certainly

F1 := L−1(E1), . . . , Fn := L−1(En), Fn+1 := ρ−1(En+1 − ζ ),

is a localη̄-orthonormal frame field onQn+1, its dual frame field being given by

F i = L(Ei)+ η(L(ζ ), Ei)E
n+1, F n+1 = ρEn+1.
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LetZ be a vector field onQn+1, and letV,W be vector fields inE⊥
n+1. In what follows we

fix the notationsV,W to mean vector fields inE⊥
n+1. Then, one verifies easily the following

basic identities:

η̄(V ,W) = η(L2(V ),W) = η(V,L2(W)) = η(L(V ), L(W)),

η̄(V ,En+1) = η(V,L2(ζ )), η̄(En+1, En+1) = η(L(ζ ), L(ζ ))+ ρ2,

η̄(Z, Fn+1) = ρη(Z,En+1), η̄(V , Fn+1) = 0.

The identityη̄(V , Fn+1) = 0 in the last line implies thatE⊥
n+1 coincides with thēη-orthogonal

complement ofFn+1 in T (Q).
Let

II (V ) := −∇ η̄
V Fn+1 and Θ(V ) := −∇η

V En+1,

denote the second fundamental form, on each slice, defined by the unit vector fieldFn+1
andEn+1, respectively. Let̄g (resp.g) denote the metric, on each slice, induced byη̄ (resp.
η) and∇ ḡ (resp.∇g) its Levi-Civita connection. In the notations, the tensorL satisfies

∇η
En+1

L ∈ ⊗1
1(E

⊥
n+1), (∇η

V L)(W) = (∇g
V L)(W)+Θ(V,L(W))En+1,

(∇η
V L)(En+1) = L(Θ(V )).

In order to represent curvatures ofη̄ hyperbolically with respect to codimension one foli-
ation (Proposition 3.2), we must explicitly know how the connection∇ η̄ is related to the
connections∇η and∇g. This is done in the following proposition, which may be thought
of as the hyperbolic version ofProposition 2.1.

Proposition 3.1.

(i) ∇ η̄
Fi
Fj = ∇ ḡ

Fi
Fj + II (Fi, Fj )Fn+1 (1 ≤ i, j ≤ n) = L−1(∇g

L−1Ei
Ej )

+L−1{Λg(Ei, Ej )} + II (L−1Ei, L
−1Ej){ρ−1(En+1 − ζ )},

(ii ) ρ · ∇ η̄
Fn+1

Fj =L−1(∇η
En+1

Ej)− L−1(∇g
ζ Ej )+ 1

2
(∇η

En+1
L−1)(Ej )

− 1

2
(∇g

ζ L
−1)(Ej )+ 1

2
∇g

L−1Ej
ζ

+ 1

2
Θ(L−1Ej)+ 1

2

n∑
i=1

η(Ej , (∇η
En+1

L)(L−1Ei))L
−1Ei

− 1

2

n∑
i=1

η(Ej , (∇g
ζ L)(L

−1Ei)+ L(∇g

L−1Ei
ζ )

+ (L ◦Θ ◦ L−1)(Ei))L
−1Ei + dρ(L−1Ej)Fn+1,
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(iii ) − ρ · ∇ η̄
Fj
Fn+1 = ρ · II (L−1Ej)

= 1

2
(∇η

En+1
L−1)(Ej )− 1

2

n∑
i=1

η(Ej , (∇η
En+1

L)(L−1Ei))L
−1Ei

− 1

2
(∇g

ζ L
−1)(Ej )+ 1

2
∇g

L−1Ej
ζ + 1

2
Θ(L−1Ej)

+ 1

2

n∑
i=1

η(Ej , (∇g
ζ L)(L

−1Ei)+ L(∇g

L−1Ei
ζ )

+ (L ◦Θ ◦ L−1)(Ei))L
−1Ei,

(iv) ∇ η̄
Fn+1

Fn+1 = −ρ−1
n∑
i=1

dρ(L−1Ei)L
−1Ei.

Proof. One computes directly, substituting the identities

[Fn+1, V ] = ∇ η̄
Fn+1

V + II (V ) = ρ−1dρ(V )Fn+1 + ρ−1[En+1, V ] + ρ−1[V, ζ ]

= ρ−1 dρ(V )Fn+1 + ρ−1∇η
En+1

V + ρ−1Θ(V )+ ρ−1[V, ζ ],

in the Koszul formula. �

We can equivalently rewrite the third equation (iii) inProposition 3.1as follows.

Corollary 3.1.

2ρ · II (V ,W)= −η((∇η
En+1

L)(V ), L(W))− η(L(V ), (∇η
En+1

L)(W))

+ η((∇g
ζ L)(V ), L(W))+ η(L(V ), (∇g

ζ L)(W))

+ η(∇g
V ζ +Θ(V ), L2(W))+ η(L2(V ),∇g

W ζ +Θ(W)).

To proveProposition 3.2below, we need to recall the Gauss–Codazzi equations that relates
the curvatures of(Qn+1, η̄) to the curvatures of the slices.

Lemma 3.1.

(i) Rη̄(V1, V2)(V3)− Rḡ(V1, V2)(V3)

= II (V1, V3)II (V2)− II (V2, V3)II (V1)+ {(∇ ḡ
V1

II )(V2, V3)

− (∇ ḡ
V2

II )(V1, V3)}Fn+1,

(ii ) Ricη̄(W)− Rη̄(W,Fn+1)(Fn+1)− Ricḡ(W)

= (II ◦ II )(W)− (TrḡII )II (W)+ {d(TrḡII )(W)− (divḡII )(W)}Fn+1,

(iii ) Sη̄ − 2 · Ricη̄(Fn+1, Fn+1)− Sḡ = Trḡ(II
2)− (TrḡII )2.
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Proposition 3.2.

(∇η
En+1

II )(V ,W)= ρ · {Ricη̄(V ,W)− Ricḡ(V ,W)− 2η̄(V , II 2(W))+ (TrḡII )II (V ,W)}
+ (∇ ḡ

ζ II )(V ,W)+ η̄(II (V ),∇ ḡ
W ζ )+ η̄(II (W),∇ ḡ

V ζ )

+ η̄(Θ(V ), II (W))+ η̄(Θ(W), II (V ))+ (∇ ḡ
W dρ)(V ).

Proof. Via a direct computation, we have

Rη̄(W,Fn+1)(Fn+1)= ∇ ḡ
W (∇ η̄

Fn+1
Fn+1)+ ρ−1 dρ(W)∇ η̄

Fn+1
Fn+1 − (II ◦ II )(W)

+ ρ−1[En+1, II (W)] − ρ−1[ζ, II (W)] − ρ−1II ([En+1,W ])

− ρ−1II ([W, ζ ]).
Using the equation (iv) inProposition 3.1, we compute

η̄(V , Rη̄(W, Fn+1)(Fn+1))

= W {η̄(V ,∇ η̄
Fn+1

Fn+1)} − η̄(∇ ḡ
WV,∇ η̄

Fn+1
Fn+1)+ ρ−1 dρ(W)η̄(V ,∇ η̄

Fn+1
Fn+1)

− η̄(V , II 2(W))+ ρ−1η̄(V , [En+1, II (W)])− ρ−1η̄(V , [ζ, II (W)])

− ρ−1η̄(II (V ), [En+1,W ])+ ρ−1η̄(II (V ), [ζ,W ])

= ρ−2 dρ(V )dρ(W)− ρ−1(∇ ḡ
W dρ)(V )− ρ−1 dρ(∇ ḡ

WV )+ ρ−1 dρ(∇ ḡ
WV )

− ρ−2 dρ(V )dρ(W)− η̄(V , II 2(W))+ η̄(V , [Fn+1, II (W)]

− ρ−1 dρ(II (W))Fn+1)− η̄(II (V ), [Fn+1,W ] − ρ−1 dρ(W)Fn+1)

= −ρ−1(∇ ḡ
W dρ)(V )− η̄(V , II 2(W))+ η̄(V , [Fn+1, II (W)])− η̄(II (V ), [Fn+1,W ]).

On the other hand, from the Koszul formula for∇ η̄, we know that

2η̄(V ,∇ η̄
Fn+1

{II (W)})
= Fn+1{η̄(V , II (W))} + η̄(V , [Fn+1, II (W)])− η̄(II (W), [Fn+1, V ])

= 2Fn+1{η̄(V , II (W))} + 2η̄(∇ η̄
Fn+1

V,∇ η̄
WFn+1),

which gives

η̄(V , [Fn+1, II (W)])− η̄(II (W), [Fn+1, V ])

= Fn+1{η̄(V , II (W))} + 2η̄(∇ η̄
Fn+1

V,∇ η̄
WFn+1).

Then, the equation above forη̄(V , Rη̄(W, Fn+1)(Fn+1)) becomes

η̄(V , Rη̄(W, Fn+1)(Fn+1))

= −ρ−1(∇ ḡ
W dρ)(V )− η̄(V , II 2(W))+ Fn+1{η̄(V , II (W))} + 2η̄(∇ η̄

Fn+1
V,∇ η̄

WFn+1)

+ η̄(II (W), [Fn+1, V ])− η̄(II (V ), [Fn+1,W ]) = Fn+1{II (V ,W))}
− ρ−1(∇ ḡ

W dρ)(V )− η̄(V , II 2(W))− 2η̄(ρ−1∇η
En+1

V + ρ−1Θ(V )− II (V )

− ρ−1[ζ, V ], II (W))+ η̄(ρ−1∇η
En+1

V + ρ−1Θ(V )

− ρ−1[ζ, V ], II (W))− η̄(ρ−1∇η
En+1

W + ρ−1Θ(W)− ρ−1[ζ,W ], II (V )).
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Rewriting yields

En+1{II (V ,W)} = ρFn+1{II (V ,W)} + ζ {II (V ,W)}
= ρ · η̄(V , Rη̄(W, Fn+1)(Fn+1))+ (∇ ḡ

W dρ)(V )− ρη̄(V , II 2(W))

− η̄(II (V ), [ζ,W ])− η̄(II (W), [ζ, V ])+ η̄(II (V ),∇η
En+1

W)

+ η̄(II (W),∇η
En+1

V )+ η̄(II (V ),Θ(W))+ η̄(II (W),Θ(V ))

+ ζ {II (V ,W)}.
With the help of the equation (ii) inLemma 3.1and the identities

En+1{II (V ,W)} = (∇η
En+1

II )(V ,W)+ II (∇η
En+1

V,W)+ II (V ,∇η
En+1

W),

ζ {II (V ,W)} = (∇ ḡ
ζ II )(V ,W)+ II (∇ ḡ

ζ V ,W)+ II (V ,∇ ḡ
ζ W),

we obtain the asserted formula of the proposition. �

Remark 3.1. Contracting the equation inProposition 3.2and applying (iii) inLemma 3.1,
we obtain the following formula for Ric̄η(Fn+1, Fn+1):

ρ · Ricη̄(Fn+1, Fn+1)= Trḡ(∇η
En+1

II )− Trḡ(∇ ḡ
ζ II )+ ρ · Trḡ(II

2)

− 2
n∑
i=1

η̄(II (Fi),∇ ḡ
Fi
ζ )− 2

n∑
i=1

η̄(Θ(Fi), II (Fi))

−
n∑
i=1

(∇ ḡ
Fi

dρ)(Fi).

4. Representation of the Dirac equation on manifolds with codimension one foliation

In this section we will represent the Dirac equation on(Qn+1, η̄) hyperbolically with
respect to codimension one foliation (seeProposition 4.1andCorollary 4.1). Let us fix
a slice(Mn, ḡ) of the foliated manifold(Qn+1, η̄). We will identify Σ(Q)η̄ with Σ(Q)η

andψ ∈ Γ (Σ(Q)η̄) with its pullbackK̃(ψ), via the natural isomorphism̃K : Σ(Q)η̄ →
Σ(Q)η, and write simply asΣ(Q) andψ , respectively. Depending on the dimensionn+ 1
of the manifoldQn+1, we will use two different Clifford multiplications in the subbundle
Σ(M) ⊂ Σ(Q). For the realization of the Clifford algebra overR, we refer to[11]. Let
Cl(M) (resp. Cl(Q)) denote the Clifford bundle overMn (resp.Qn+1):

(i) In case ofn = 2m, we use the Clifford multiplication Cl(M) × Σ(M) → Σ(M) that
is naturally related to the one Cl(Q)×Σ(Q) → Σ(Q) via

π∗(Fi · ψ) = Fi · (π∗ψ), 1 ≤ i ≤ 2m,

π∗(F2m+1 · ψ) = (
√−1)m+1µḡ · (π∗ψ),
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whereπ∗ : Σ(Q) → Σ(M) is the restriction map andµḡ is the volume element of
(M2m, ḡ). The second relation is an immediate consequence of the algebraic relation

F2m+1 · ψ = (
√−1)m+1F1 · · ·F2m · ψ.

(ii) In the other casen = 2m−1, we identify the spinor bundleΣ(M)with the positive part
Σ+(Q) of the bundleΣ(Q) restricted toM2m−1, and we use the Clifford multiplication
Cl(M) × Σ(M) → Σ(M) that is naturally related to Cl+(Q) × Σ+(Q) → Σ+(Q)

via

π+
∗ (Fi · F2m · ψ+)= Fi · (π+

∗ ψ
+), 1 ≤ i ≤ 2m− 1, π+

∗ (Fk · Fl · ψ+)
= Fk · Fl · (π+

∗ ψ
+), 1 ≤ k < l ≤ 2m− 1,

whereπ+∗ : Σ+(Q) → Σ(M) is the restriction map and Cl+(Q) is the positive part
of Cl(Q).

Recall that the spin derivatives∇ η̄ψ,∇ ḡψ are related, onQn+1, by

∇ η̄
V ψ = ∇ ḡ

V ψ + 1
2II (V ) · Fn+1 · ψ.

In view of the rule of Clifford multiplication described above, we find that, in case of
n = 2m, the formula is projected to the slice(M2m, ḡ) as

π∗(∇ η̄
V ψ) = ∇ ḡ

V (π∗ψ)+ 1
2(

√−1)m+1II (V ) · µḡ · (π∗ψ).

However, in the other casen = 2m− 1, the projection is only possible ifψ = ψ+ belongs
entirely to the positive partΣ+(Q) of Σ(Q), the projected formula being given by

π+
∗ (∇ η̄

V ψ
+) = ∇ ḡ

V (π
+
∗ ψ

+)+ 1
2II (V ) · (π+

∗ ψ
+).

Nevertheless, we may regard not only∇ ḡ
V ψ

+ but also∇ ḡ
V ψ

−, ψ− ∈ Γ (Σ−(Q)) (e.g.
ψ− = F2m · ψ+), as well-defined spinor fields onQ2m, not projected to the sliceM2m−1.
Therefore, the following formula makes sense.

Lemma 4.1.

∇ ḡ
V (F2m · ψ+) = F2m · ∇ ḡ

V ψ
+.

Proof. We compute

∇ η̄
V (F2m · ψ+)= ∇ η̄

V F2m · ψ+ + F2m · ∇ η̄
V ψ

+

= −II (V ) · ψ+ + F2m · {∇ ḡ
V ψ

+ + 1
2II (V ) · F2m · ψ+}

= F2m · ∇ ḡ
V ψ

+ − 1
2II (V ) · ψ+.

On the other hand,

∇ η̄
V (F2m · ψ+)= ∇ ḡ

V (F2m · ψ+)+ 1
2II (V ) · F2m · F2m · ψ+

= ∇ ḡ
V (F2m · ψ+)− 1

2II (V ) · ψ+.

Comparing the latter equation with the former, we complete the proof. �
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In order to represent the Dirac equation

Dη̄ψ = λQψ =
n∑
i=1

Fi · ∇ ḡ
Fi
ψ − 1

2(TrḡII )Fn+1 · ψ + Fn+1 · ∇ η̄
Fn+1

ψ,

with respect to reference metric, we need the following lemma that one verifies straightfor-
wardly usingProposition 3.1.

Lemma 4.2.

ρ · {K̃ ◦ ∇ η̄
Fn+1

◦ (K̃)−1}(ϕ)

= ∇η
En+1

ϕ − ∇g
ζ ϕ − ρ

4

n∑
i=1

Ei · (L ◦ II ◦ L−1)(Ei) · ϕ − 1

4

n∑
i=1

Ei · (∇η
En+1

L)

× (L−1Ei) · ϕ + 1

4

n∑
i=1

Ei · (∇g
ζ L)(L

−1Ei) · ϕ + 1

4

n∑
i=1

Ei · L(∇g

L−1Ei
ζ ) · ϕ

+ 1

4

n∑
i=1

Ei · (L ◦Θ ◦ L−1)(Ei) · ϕ + 1

2

n∑
i=1

dρ(L−1Ei)Ei · En+1 · ϕ.

Lemma 4.2, combined withProposition 2.3, yields the following hyperbolic representation
of the Dirac equation immediately.

Proposition 4.1.

∇η
En+1

ψ = ∇g
ζ ψ − λQρEn+1 · ψ + ρ

2
(TrḡII )ψ

+ ρEn+1 ·



n∑
i=1

Ei · ∇g

L−1Ei
ψ + 1

4

n∑
j,k,l=1

(Λg)jklEj · Ek · El · ψ



+ 1

4

n∑
i=1

Ei · (∇η
En+1

L)(L−1Ei) · ψ + ρ

4

n∑
i=1

Ei · (L ◦ II ◦ L−1)(Ei) · ψ

− 1

4

n∑
i=1

Ei · (∇g
ζ L)(L

−1Ei) · ψ − 1

4

n∑
i=1

Ei · L(∇g

L−1Ei
ζ ) · ψ

− 1

4

n∑
i=1

Ei · (L ◦Θ ◦ L−1)(Ei) · ψ − 1

2

n∑
i=1

dρ(L−1Ei)Ei · En+1 · ψ.

Although the equation inProposition 4.1is valid in both cases,n = 2m andn = 2m− 1, it
is also very useful, in the latter casen = 2m − 1, to consider the decomposition of spinor
fields

ψ = ψ+ + F2m · ϕ+, ψ+, ϕ+ ∈ Γ (Σ+(Q)),

and rewrite the representation inProposition 4.1equivalently as follows.
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Corollary 4.1.

∇η
E2m

ψ+ = ∇g
ζ ψ

+ + λQρϕ
+ + ρ

2
(TrḡII )ψ+

+ ρE2m ·



2m−1∑
i=1

Ei · ∇g

L−1Ei
ψ+ + 1

4

2m−1∑
j,k,l=1

(Λg)jklEj · Ek · El · ψ+



+ 1

4

2m−1∑
i=1

Ei · (∇η
E2m

L)(L−1Ei) · ψ+ + ρ

4

2m−1∑
i=1

Ei · (L ◦ II ◦ L−1)

× (Ei) · ψ+ − 1

4

2m−1∑
i=1

Ei · (∇g
ζ L)(L

−1Ei) · ψ+

− 1

4

2m−1∑
i=1

Ei · L(∇g

L−1Ei
ζ ) · ψ+ − 1

4

2m−1∑
i=1

Ei · (L ◦Θ ◦ L−1)(Ei) · ψ+

− 1

2

2m−1∑
i=1

dρ(L−1Ei)Ei · E2m · ψ+,

∇η
E2m

ϕ+ = ∇g
ζ ϕ

+ − λQρψ
+ + ρ

2
(TrḡII )ϕ+

− ρE2m ·



2m−1∑
i=1

Ei · ∇g

L−1Ei
ϕ+ + 1

4

2m−1∑
j,k,l=1

(Λg)jklEj · Ek · El · ϕ+



+ 1

4

2m−1∑
i=1

Ei · (∇η
E2m

L)(L−1Ei) · ϕ+ + ρ

4

2m−1∑
i=1

Ei · (L ◦ II ◦ L−1)

× (Ei) · ϕ+ − 1

4

2m−1∑
i=1

Ei · (∇g
ζ L)(L

−1Ei) · ϕ+

− 1

4

2m−1∑
i=1

Ei · L(∇g

L−1Ei
ζ ) · ϕ+ − 1

4

2m−1∑
i=1

Ei · (L ◦Θ ◦ L−1)(Ei) · ϕ+

+ 1

2

2m−1∑
i=1

dρ(L−1Ei)Ei · E2m · ϕ+.

We close this section with representing the energy-momentum tensor

Tη̄(X, Y ) = 1
4ε(X · ∇ η̄

Y ψ + Y · ∇ η̄
Xψ,ψ), ε = ±1,

hyperbolically with respect to codimension one foliation. To this end, it is important to
notice that, ifψ be a solution of the Dirac equationDη̄ψ = λQψ , λQ ∈ R, then the
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following equation is valid:

∇ η̄
Fn+1

ψ = −λQFn+1 · ψ + 1

2
(TrḡII )ψ + Fn+1 ·

(
n∑
i=1

Fi · ∇ ḡ
Fi
ψ

)
.

Proposition 4.2. For any solutionψ of the Dirac equationDη̄ψ = λQψ on(Qn+1, η̄), we
have

Trη̄(Tη̄) = 1
2ελQ(ψ,ψ),

Tη̄(V ,W)=1
4ε(V · ∇ ḡ

Wψ+W · ∇ ḡ
V ψ,ψ)+ 1

8ε({V · II (W)+W · II (V )} · Fn+1 · ψ,ψ),

Tη̄(V , Fn+1) = ε

4

(
Fn+1 ·

{
∇ ḡ
V ψ − V ·

(
n∑
i=1

Fi · ∇ ḡ
Fi
ψ

)}
, ψ

)
,

Tη̄(Fn+1, Fn+1) = −ε

2

((
n∑
i=1

Fi · ∇ ḡ
Fi
ψ

)
− λQψ,ψ

)
.

In case ofn = 2m − 1, we consider the decompositionψ = ψ+ + F2m · ϕ+ and can
equivalently rewrite the formulas inProposition 4.2as follows.

Corollary 4.2. For any solutionψ of the Dirac equationDη̄ψ = λQψ on(Q2m, η̄), where
ψ = ψ+ + F2m · ϕ+, we have

Trη̄(Tη̄) = 1
2ελQ{(ψ+, ψ+)+ (ϕ+, ϕ+)},

Tη̄(V ,W) = 1
4ε(V · ∇ ḡ

Wψ
+ +W · ∇ ḡ

V ψ
+, F2m · ϕ+)+ 1

4ε(V · ∇ ḡ
Wϕ

+ +W · ∇ ḡ
V ϕ

+,

F2m·ψ+)+ 1
4ε({V · II (W)+W · II (V )} · ψ+, ϕ+)+1

2εII (V ,W)(ψ+, ϕ+),

Tη̄(V , F2m) = ε

4

(
∇ ḡ
V ψ

+ − V ·
(

2m−1∑
i=1

Fi · ∇ ḡ
Fi
ψ+

)
, ϕ+

)

− ε

4

(
∇ ḡ
V ϕ

+ − V ·
(

2m−1∑
i=1

Fi · ∇ ḡ
Fi
ϕ+
)
, ψ+

)
,

Tη̄(F2m, F2m) = ε

2

(
F2m ·

(
2m−1∑
i=1

Fi · ∇ ḡ
Fi
ψ+

)
, ϕ+

)

+ ε

2

(
F2m ·

(
2m−1∑
i=1

Fi · ∇ ḡ
Fi
ϕ+
)
, ψ+

)

+ ελQ

2
{(ψ+, ψ+)+ (ϕ+, ϕ+)}.
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5. A sufficient condition for the existence of solutions to the weak Killing equation

Let us suppose that(Qn+1, η̄) satisfies

Ricη̄(V ,W) = 1
2(Sη̄)η̄(V ,W), Ricη̄(V , Fn+1) = 0, dSη̄(V ) = 0

for all V,W ∈ E⊥
n+1. Then the weak Killing equation becomes

∇ η̄
V ψ = ∇ ḡ

V ψ + 1

2
II (V ) · Fn+1 · ψ = dSη̄(Fn+1)

2nS̄η
V · Fn+1 · ψ,

and

∇ η̄
Fn+1

ψ = −λQFn+1 · ψ + (n+ 1)dSη̄(Fn+1)

2nS̄η
ψ + dSη̄(Fn+1)

2nS̄η
Fn+1 · Fn+1 · ψ

= −λQFn+1 · ψ + dSη̄(Fn+1)

2Sη̄
ψ.

Thus we have proved the following proposition.

Proposition 5.1. Let (Qn+1, η̄) satisfy the following conditions:

Ricη̄(V ,W) = Sη̄

2
η̄(V ,W), Ricη̄(V , Fn+1) = 0, dSη̄(V ) = 0,

II (V ,W) = dSη̄(Fn+1)

nS̄η
η̄(V ,W).

Under this assumption the weak Killing equation is equivalent to the system of differential
equations

∇ ḡ
V ψ = 0 and ∇ η̄

Fn+1
ψ = −λQFn+1 · ψ + 1

2Trḡ(II )ψ.

As an application ofProposition 5.1, we are going to prove below that every parallel spinor
may evolve to a WK-spinor (Theorem 5.1). For this purpose, we first show that there indeed
exist some special metrics satisfying the hypothesis ofProposition 5.1. LetQn+1 = Mn×R

be a product manifold, and let the product metricη = gM × gR be the reference metric
onQn+1, wheregM indicates an arbitrary Riemannian metric onMn andgR the standard
metric on the real lineR. We writegR = dt ⊗ dt , using the standard coordinatet ∈ R.
By (E1, . . . , En) we denote a local orthonormal frame on(Mn, gM) as well as its lift to
(Qn+1, η). LetEn+1 = d/dt denote the unit vector field on(R, gR) as well as the lift to
(Qn+1, η). Then it is clear thatΘ(V ) = −∇η

V En+1 = 0 for all vector fieldsV ∈ E⊥
n+1. For

simplicity, we denoted by WP(gM ; a) the following class of metrics (thewarped products
of gM andgR):

η̄ = ef
(

n∑
i=1

Ei ⊗ Ei

)
+ eaf dt ⊗ dt,

wheref : R → R is a real-valued function anda ∈ R is a real number.
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Lemma 5.1. For all η̄ ∈ WP(gM ; a), we have:

II (V ,W) = −e−((a/2)−1)f ft

2
η(V,W), η̄(V , II 2(W)) = e−(a−1)f ftft

4
η(V,W),

Trḡ(II ) = −ne−(a/2)f ft
2

, Trḡ(II
2) = ne−afftft

4
,

(∇η
En+1

II )(V ,W) =
{

−e−((a/2)−1)f ftt

2
+ (a − 2)e−((a/2)−1)f ftft

4

}
η(V,W),

where we have used the shorthand notationft := df (En+1) andftt := d2f

dt2
= (∇η

En+1
df )

(En+1).

Proof. SinceL = ef/2I (in the notations ofSection 3), we have

(∇g
V L)(W) = 0 and (∇η

En+1
L)(W) = e(f/2)ft

2
W,

and henceCorollary 3.1gives

II (V ,W) = −e−((a/2)−1)f ft

2
η(V,W).

Using this, one checks all the equations of the lemma easily. �

SubstitutingLemma 5.1in Proposition 3.2as well as in the Gauss–Codazzi equations
(Lemma 3.1), we obtain the following lemma immediately.

Lemma 5.2. For all η̄ ∈ WP(gM ; a), we have:

Ricη̄(V ,W) = Ricg(V ,W)+
{
− ftt

2 e(a−1)f
+ (a − n)ftft

4 e(a−1)f

}
η(V,W),

Ricη̄(V , Fn+1) = 0, Ricη̄(Fn+1, Fn+1) = − nftt
2 eaf

+ n(a − 1)ftft
4 eaf

,

Sη̄ = e−f Sg − nftt
eaf

+ n(2a − n− 1)ftft
4 eaf

.

Lemma 5.3. η̄ ∈ WP(gM ; a) satisfies the hypothesis ofProposition 5.1if and only if either

f (t) = ct
(
a = n

2

)
or

f (t) = 4

n− 2a
log

{
1 + (n− 2a)ct

4

} (
a �= n

2
,1 + (n− 2a)ct

4
> 0

)
,

wheref (0) = 0 andc := ft (0). The scalar curvature of the metric̄η is non-positive and
is equal to

−nc2

4
e−(nc/2)t and − nc2

4

{
4 + (n− 2a)ct

4

}−2n/(n−2a)

,

respectively.



E.C. Kim / Journal of Geometry and Physics 44 (2002) 376–405 393

Proof. UsingLemmas 5.1 and 5.2, we compute

Ricη̄(V ,W)− 1

2
Sη̄η̄(V ,W) = n− 1

8
e−af{4ftt + (n− 2a)ftft }η̄(V ,W),

and

nS̄ηII (V ,W)− dSη̄(Fn+1)η̄(V ,W)

= n

8
e−3/2af{8fttt − 4(4a − 2n− 1)ftftt + (2a − n)(2a − n− 1)ftftft }η̄(V ,W).

Since 4ftt + (n− 2a)ftft = 0 implies

8fttt − 4(4a − 2n− 1)ftftt + (2a − n)(2a − n− 1)ftftft = 0,

the hypothesis ofProposition 5.1is satisfied if and only if 4ftt + (n− 2a)ftft = 0, which
can be solved completely as given in the lemma. �

Proposition 5.2. Let (M2m, gM) be a Riemannian manifold admitting parallel spinors.
Then, for any real numberλQ ∈ R, there exists a warped product metricη̄ ∈ WP(gM ; a)
(seeLemma 5.3) on Q2m+1 = M2m × R such that(Q2m+1, η̄) admits a WK-spinor to
WK-numberλQ.

Proof. Letψ+
M ∈ Γ (Σ+(M)) be a parallel spinor onM2m. Letψ+ = h+ψ+

M be a spinor
field onQ2m+1 defined by

ψ+(x, t) = h+(t)ψ+
M(x), (x, t) ∈ M2m × R,

whereh+ : R → C is a complex-valued function withh+(0) = 1. Let η̄ ∈ WP(gM ; a)
be a warped product metric given as inLemma 5.3. Now recall that, in our realization of
Clifford algebra, the volume formµM of (M2m, gM) acts onΣ±(M) via

µM · ψ+
M = (

√−1)mψ+
M, µM · ψ−

M = −(√−1)mψ−
M.

SinceE2m+1 · ϕ = (
√−1)m+1µM · ϕ for all spinor fieldsϕ onQ2m+1, we have

E2m+1 · ψ+
M = (

√−1)2m+1ψ+
M, E2m+1 · ψ−

M = −(√−1)2m+1ψ−
M.

By Proposition 5.1, ψ+ is a WK-spinor to WK-numberλQ if and only if the functionh+
satisfies

h+
t = −(√−1)2m+1λQ e(a/2)f h+ − 1

2(m)fth
+,

which obviously allows a global solution. �

We now extendProposition 5.2so as to include the casen = 2m− 1.

Theorem 5.1. Let (Mn, gM) be a Riemannian manifold admitting parallel spinors. Then,
for any real numberλQ ∈ R, there exists a warped product metricη̄ ∈ WP(gM ; a) (see
Lemma 5.3) onQn+1 = Mn × R such that(Qn+1, η̄) admits a WK-spinor to WK-number
λQ.
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Proof. Because ofProposition 5.2, it suffices to prove the theorem for the casen = 2m−1.
Let ϕ+

M ∈ Γ (Σ+(Q)) be a parallel spinor onM2m−1, and letϕ = h+ϕ+
M + k+E2m · ϕ+

M

be a spinor field onQ2m defined by

ϕ(x, t) = h+(t)ϕ+
M(x)+ k+(t)E2m · ϕ+

M(x), (x, t) ∈ M2m−1 × R,

whereh+, k+ : R → C are complex-valued functions withh+(0) = k+(0) = 1. Let
η̄ ∈ WP(gM ; a) be a warped product metric given as inLemma 5.3. By Proposition 5.1, ϕ
is a WK-spinor to WK-numberλQ if and only if (h+, k+) satisfies the system of differential
equations,

h+
t = −2m− 1

4
fth

+ + λQ e(a/2)f k+ and k+
t = −λQ e(a/2)f h+ − 2m− 1

4
ftk

+.

This is a linear homogeneous system and hence allows a global solution. �

Remark 5.1. The WK-spinors constructed onR3 at the end of Section 8 in the paper
[11] (see p. 171) are a special case ofTheorem 5.1(for the metricη̄ ∈ WP(gM ; a) with
f (t) = ct).

6. The initial-value formulation for the Einstein–Dirac equation

In this section we set up an invariant initial-value formulation for the Einstein–Dirac
equation

Ricη̄ − 1
2Sη̄η̄ = Tη̄, Dη̄ψ = λQψ, λQ ∈ R,

where

Tη̄(X, Y ) = 1
4ε(X · ∇ η̄

Y ψ + Y · ∇ η̄
Xψ,ψ), ε = ±1.

The formulation will be applied in the next section to establish a local existence theorem for
a specific class of initial data sets (seeTheorem 7.1). Following the work[7] as a guideline,
we can indeed express the evolution equations as well as the constraints in an invariant
form. For simplicity, we write

8 := Ricη̄ − 1
2Sη̄η̄ − Tη̄.

The tensor field8 decomposes into three parts

8 = 8E + {8M ⊗ Fn+1 + Fn+1 ⊗8M} +8H(Fn+1 ⊗ Fn+1),

where

8E =
n∑

i,j=1

8(Fi, Fj )F
i ⊗ Fj , 8M =

n∑
i=1

8(Fn+1, Fi)F
i,

8H = 8(Fn+1, Fn+1).
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Restricting the equations,8M = 0 and8H = 0, to a fixed slice, we obtain themomentum
constraint

Tḡ(Fn+1, V ) = d(TrḡII )(V )− divḡ(II )(V ),

and theHamiltonian constraint

Tḡ(Fn+1, Fn+1) = −1
2Sḡ + 1

2(TrḡII )2 − 1
2Trḡ(II

2),

whereTḡ denotes the restriction ofTη̄ to the slices. The information on the evolution should
be contained in

8E = 0,

or any combination of it with the constraints. The evolution equations should be chosen in
such a way that, under the evolution, local preservation of the constraints is guaranteed. We
consider the evolution equations of the form

8(V,W) = 8(Fn+1, Fn+1) · η̄(V ,W) and Dη̄ψ = λQψ, λQ ∈ R.

Note that, under this evolution, the tensor8 becomes

8 = 8M ⊗ Fn+1 + Fn+1 ⊗8M +8H · η̄.

Proposition 6.1. The equation

8(V,W) = 8(Fn+1, Fn+1) · η̄(V ,W),

is equivalent to

Ricη̄(V ,W)= 1

n− 1
{Sḡ + Trḡ(II

2)− (TrḡII )2 − Trη̄(Tη̄)

+ 2Tη̄(Fn+1, Fn+1)} · η̄(V ,W)+ Tη̄(V ,W).

Proof. Contracting the equation

8(V,W) = 8(Fn+1, Fn+1) · η̄(V ,W),

we see that

8(Fn+1, Fn+1) = − n− 1

2(n+ 1)
Sη̄ − 1

n+ 1
Trη̄(Tη̄),

from which it follows that

Ricη̄(V ,W) = 1

n+ 1
{Sη̄ − Trη̄(Tη̄)} · η̄(V ,W)+ Tη̄(V ,W).

Let us contract this equation. Then, with the help of the Gauss equation (iii) inLemma 3.1,
we obtain

Sη̄ = n+ 1

n− 1
{Sḡ + Trḡ(II

2)− (TrḡII )2} − 2

n− 1
Trη̄(Tη̄)+ 2(n+ 1)

n− 1
Tη̄(Fn+1, Fn+1),

which gives the asserted formula immediately. The converse is easy to verify. �
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Now we should verify that the constraints are indeed preserved under the evolution

8(V,W) = 8(Fn+1, Fn+1) · η̄(V ,W), Dη̄ψ = λQψ.

We note at this point that the divergence of the energy-momentum tensorTη̄ vanishes,
divη̄(Tη̄) = 0, sinceTη̄ is defined by eigenspinors of the Dirac operatorDη̄ (see[12]).
Then, computing the divergence, divη̄(8) = 0, and expressing the covariant derivative∇ η̄

in terms of∇η, we find that

0=
n∑

j=1

(d8H)(Fj )Fj +
n∑

j=1

(∇η
Fn+1

8M)(Fj )Fj −8H
n∑

i,j=1

η(Λg(Ei, Ei), Ej )Fj

− (TrḡII )
n∑

j=1

8M(Fj )Fj −8H
n∑

i,j=1

η(Ei,Λg(Ei, Ej ))Fj

−
n∑

j=1

8M(ρ−1∇g
Fj
ζ + ρ−1Θ(Fj ))Fj ,

and

0=
n∑

j=1

(∇η
Fj
8M)(Fj )Fn+1 + (d8H)(Fn+1)Fn+1 +

n∑
j=1

8M((∇g
Fj
L−1)(Ej ))Fn+1

+
n∑

j=1

Θ(Fj , Fj ){ρ8H +8M(ζ)}Fn+1

−
n∑

j=1

8M(L−1{Λg(Ej ,Ej )})Fn+1 + 2ρ−1
n∑

j=1

dρ(Fj )8
M(Fj )Fn+1

where we have used the formula established inProposition 2.1,

∇ ḡ
Fi
Fj = L−1(∇g

L−1Ei
Ej )+ L−1{Λg(Ei, Ej )}.

Rewriting the above two equations with respect toη-orthonormal frame(E1, . . . , En,En+1),
we arrive at a non-linear hyperbolic system of first-order differential equations of the form

n∑
k=1

A(k) · ∇η
Ek
Φ + B · ∇η

En+1
Φ + C ·Φ = 0,

where

Φ =



n∑
j=1

8M(Ej )Ej


+ (8H )En+1, A(k) =


−ρ−1ζ k(L−2)ij , (L−2)ik

(L−2)kj , −ρ−1ζ k


 ,

B =
(
ρ−1(L−2)ij , 0

0, ρ−1

)
,
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andC is a(1,1)-tensor field given by

Ci
j = −(TrḡII )(L−2)ij − ρ−1

n∑
u=1

(L−2)iuη(∇g
Eu
ζ +Θ(Eu),Ej ),

Ci
n+1 = −

n∑
u,v=1

(L−1)iv{η(Λg(Eu,Eu), Ev)+ η(Eu,Λg(Eu,Ev))},

Cn+1
j =

n∑
u,v=1

(L−1)uvη((∇g
Eu
L−1)(Ev), Ej )+

n∑
u,v=1

ζ j (L−2)uvΘ(Eu,Ev)

−
n∑

u=1

η(L−1{Λg(Eu,Eu)}, Ej )+ 2

ρ

n∑
u=1

(L−2)uj dρ(Eu),

Cn+1
n+1 = ρ

n∑
u,v=1

(L−2)uvΘ(Eu,Ev).

We observed that the(1,1)-tensor fieldsA(k)andB are symmetric (with respect to reference
metric η). Moreover,B is positive definite (B ≥ cI for some positive numberc > 0),
provided that every slice ofQn+1 is compact. Thus, it is shown that, under our evolution, the
constraints are locally preserved. Note that, when we consider the warped product metrics
as inSections 5 and 7, the local preservation of constraints holds without the assumption
that every slice ofQn+1 is compact.

Next, we state a complete set of evolution equations for the Einstein–Dirac equation. Soon
we will also define the corresponding initial data sets precisely. CombiningCorollary 3.1,
Propositions 3.2, 4.1, 4.2 and 6.1altogether, we easily obtain the evolution system of
three differential equations, describing the evolution of metricsL2 = ḡ, that of symmetric
(0,2)-tensor fields II and that of spinor fieldsψ , respectively:

(E1) η((∇η
En+1

L)(V ), L(W))+ η(L(V ), (∇η
En+1

L)(W))

= η((∇g
ζ L)(V ), L(W))+ η(L(V ), (∇g

ζ L)(W))+ η(∇g
V ζ +Θ(V )

−ρII (V ), L2(W))+ η(L2(V ),∇g
W ζ +Θ(W)− ρII (W)),

(E2) (∇η
En+1

II )(V ,W)

= ρ

n− 1
{Sḡ + Trḡ(II

2)− (TrḡII )2}ḡ(V ,W)+ ερ

4
(V · ∇ ḡ

Wψ +W · ∇ ḡ
V ψ,ψ)

+ ερ

8
({V · II (W)+W · II (V )} · Fn+1 · ψ,ψ)+ ελQρ

2(n− 1)
(ψ,ψ)ḡ(V ,W)

− ερ

n− 1

(
n∑
i=1

Fi · ∇ ḡ
Fi
ψ, ψ

)
ḡ(V ,W)+ ρ · {−Ricḡ(V ,W)− 2ḡ(V , II 2(W))

+ (TrḡII ) · II (V ,W)} + (∇ ḡ
ζ II )(V ,W)+ ḡ(II (V ),∇ ḡ

W ζ )

+ ḡ(II (W),∇ ḡ
V ζ )+ ḡ(Θ(V ), II (W))+ ḡ(Θ(W), II (V ))+ (∇ ḡ

W dρ)(V ),
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(E3) ∇η
En+1

ψ = ∇g
ζ ψ − λQρEn+1 · ψ + ρ

2
(TrḡII )ψ

+ ρEn+1 ·



n∑
i=1

Ei · ∇g

L−1Ei
ψ + 1

4

n∑
j,k,l=1

(Λg)jklEj · Ek · El · ψ



+ 1

4

n∑
i=1

Ei · (∇η
En+1

L)(L−1Ei) · ψ + ρ

4

n∑
i=1

Ei · (L ◦ II ◦ L−1)

× (Ei) · ψ − 1

4

n∑
i=1

Ei · (∇g
ζ L)(L

−1Ei) · ψ

− 1

4

n∑
i=1

Ei · L(∇g

L−1Ei
ζ ) · ψ − 1

4

n∑
i=1

Ei · (L ◦Θ ◦ L−1)(Ei) · ψ

− 1

2

n∑
i=1

dρ(L−1Ei)Ei · En+1 · ψ.

In case ofn = 2m − 1, the equation (E3) may be certainly replaced by the one in
Corollary 4.1, and the terms for Trη̄(Tη̄) and Tη̄(Fn+1, Fn+1) in (E2) may be replaced
by the ones inCorollary 4.2.

Let us now define the initial data sets. We derive the constraint equations on initial
hypersurfaces in a natural way, by combiningProposition 4.2(Corollary 4.2) with the
relations

Tη̄(V , Fn+1) = Ricη̄(V , Fn+1) = d(TrḡII )(V )− divḡ(II )(V ),

and

Tη̄(Fn+1, Fn+1) = Ricη̄(Fn+1, Fn+1)− 1
2Sη̄ = 1

2{−Sḡ + (TrḡII )2 − Trḡ(II ◦ II )}.

Definition 6.1 (In case ofn = 2m). An initial data set(M2m, ḡ, IIM,ψM) for the Einstein–
Dirac equation onQ2m+1 consists of a sliceM2m with, defined on it, a metric̄g, a symmetric
(0,2)-tensor field IIM and a spinor fieldψM satisfying themomentum constraint

d(TrḡIIM)(V )− divḡ(IIM)(V )

= 1
4ε((

√−1)m+1µḡ · {∇ ḡ
V ψM − V ·DḡψM}, ψM), ε = ±1,

as well as theHamiltonian constraint

−Sḡ + (TrḡIIM)
2 − Trḡ(IIM ◦ IIM) = −ε(DḡψM − λQψM,ψM), λQ ∈ R.

Definition 6.2 (In case ofn = 2m − 1). An initial data set(M2m−1, ḡ, IIM,ψ
+
M, ϕ

+
M)

for the Einstein–Dirac equation onQ2m consists of a sliceM2m−1 with, defined on it, a
metric ḡ, a symmetric(0,2)-tensor field IIM and two-spinor fieldsψ+

M, ϕ
+
M satisfying the

momentum constraint

d(TrḡIIM)(V )− divḡ(IIM)(V )

= 1
4ε(∇

ḡ
V ψ

+
M − V ·Dḡψ

+
M, ϕ

+
M)− 1

4ε(∇
ḡ
V ϕ

+
M − V ·Dḡϕ

+
M,ψ

+
M),
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as well as theHamiltonian constraint

−Sḡ + (TrḡIIM)
2 − Trḡ(IIM ◦ IIM)

= −ε(Dḡψ
+
M, ϕ

+
M)− ε(Dḡϕ

+
M,ψ

+
M)+ ελQ{(ψ+

M,ψ
+
M)+ (ϕ+

M, ϕ
+
M)}, λQ ∈ R.

7. A local existence theorem

For a specific class of initial data sets, we will establish a local existence theorem for the
Einstein–Dirac equation. Let us begin with the casen = 2m. Let ψM = ψ+

M + ψ−
M be a

spinor field on(M2m, gM) with ψ±
M ∈ Γ (Σ±(M)). LetΓodd(ψM) denote the space of all

spinor fields of the formψ = h+ψ+
M + h−ψ−

M onQ2m+1 = M2m × R defined by

ψ(x, t) = h+(t)ψ+
M(x)+ h−(t)ψ−

M(x), (x, t) ∈ M2m × R,

whereh± : R → C are complex-valued functions. The following lemma is an immediate
consequence ofProposition 4.2, combined withLemma 5.1.

Lemma 7.1. LetψM = ψ+
M + ψ−

M be a real Killing spinor on(M2m, gM) with

∇gM
V ψ±

M = −λM

2m
V · ψ∓

M, λM ∈ R.

Then(ψM,ψM) = (ψ+
M,ψ

+
M)+(ψ−

M,ψ
−
M) is constant onM2m, and the energy-momentum

tensor, determined bȳη ∈ WP(gM ; a) andψ ∈ Γodd(ψM), is given by

Trη̄(Tη̄) = ελQ

2
{(h+ψ+

M, h
+ψ+

M)+ (h−ψ−
M, h

−ψ−
M)},

Tη̄(V ,W) = ελM

4m
ef/2{(h+ψ−

M, h
−ψ−

M)+ (h−ψ+
M, h

+ψ+
M)}η(V,W),

Tη̄(V , F2m+1) = − (2m+ 1)ελM
8m

(h+E2m+1 · V · ψ−
M, h

−ψ−
M)

− (2m+ 1)ελM
8m

(h−E2m+1 · V · ψ+
M, h

+ψ+
M),

Tη̄(F2m+1, F2m+1) = −ελM

2
e−f/2{(h+ψ−

M, h
−ψ−

M)+ (h−ψ+
M, h

+ψ+
M)}

+ ελQ

2
{(h+ψ+

M, h
+ψ+

M)+ (h−ψ−
M, h

−ψ−
M)}.

Proposition 7.1. For η̄ ∈ WP(gM ; a) andψ ∈ Γodd(ψM), the evolution equations(E1)–
(E3) for the Einstein–Dirac equation are equivalent to

(i) ftt = aft ft
2

− 2

m2
(λM)

2 e(a−1)f − ελQ

2m− 1
eaf〈h+, h+〉(ψM,ψM)

+ 2m+ 1

4m(2m− 1)
ελM e(a−1/2)f {〈h+, h−〉 + 〈h−, h+〉}(ψM,ψM),
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(ii ) h+
t = −m

2
fth

+ + (
√−1)2m+3λQ e(a/2)f h+ − (

√−1)2m+3λM e(1/2)(a−1)f h−,

h−
t = (

√−1)2m+3λM e(1/2)(a−1)f h+ − m

2
fth

− − (
√−1)2m+3λQ e(a/2)f h−,

where we have used the notation〈, 〉 (for complex-valued functions) to mean the standard
Hermitian product.

Proof. Proposition 4.1implies thatψ = h+ψ+
M + h−ψ−

M ∈ Γodd(ψM) satisfies the Dirac
equation,

Dη̄ψ = λQψ, η̄ ∈ WP(gM ; a),
on (Q2m+1, η̄) if and only if the second part (ii) of the proposition is true. It remains to
verify that the first part (i) of the proposition is locally equivalent to the evolution equations
(E1)–(E2). SubstitutingLemmas 5.1, 5.2 and 7.1in Proposition 6.1, we obtain

ftt = aft ft
2

− 2

m2
(λM)

2 e(a−1)f − ελQ

2m− 1
eaf{(h+ψ+

M, h
+ψ+

M)+ (h−ψ−
M, h

−ψ−
M)}

+ 2m+ 1

2m(2m− 1)
ελM e(a−1/2)f {(h+ψ−

M, h
−ψ−

M)+ (h−ψ+
M, h

+ψ+
M)}.

Now we must note that the second part (ii) of the proposition implies

d

dt
{〈h+, h+〉 − 〈h−, h−〉} = −mft {〈h+, h+〉 − 〈h−, h−〉}.

Therefore, providedh+(0) = h−(0) holds initially, the equality〈h+, h+〉 = 〈h−, h−〉 is
valid locally in t , and hence

(h+ψ+
M, h

+ψ+
M)+ (h−ψ−

M, h
−ψ−

M) = 〈h+, h+〉(ψM,ψM),

is valid locally int . Moreover, it is evident that

(h+ψ−
M, h

−ψ−
M)+ (h−ψ+

M, h
+ψ+

M) = 1
2{〈h+, h−〉 + 〈h−, h+〉}(ψM,ψM).

Thus we complete the proof of the proposition. �

Let Re(h±) and Im(h±) denote the real and imaginary part of the complex-valued func-
tionsh±, respectively. Then, we observed that, if we take

Ψ = (f, ft ,Re(h+), Im(h+),Re(h−), Im(h−)),

as a set of six unknowns, then the system of evolution equations inProposition 7.1reduces
to an autonomous equation

d

dt
Ψ = H(Ψ )

for some vector fieldH defined on the six-dimensional Euclidean spaceR
6. This fact implies

that, to each initial data, there corresponds a unique smooth local solution to the evolution
system inProposition 7.1.



E.C. Kim / Journal of Geometry and Physics 44 (2002) 376–405 401

Proposition 7.2. Let(M2m, gM) be a Riemannian manifold admitting a real Killing spinor
ψM . Then, for any real numberλQ ∈ R, there exists an open interval(−ω,ω) ⊂ R and
a warped product metric̄η on Q2m+1 = M2m × (−ω,ω) such that(Q2m+1, η̄) admits
an Einstein spinorψ to eigenvalueλQ. In particular, if ψM is a parallel spinor, then the
Einstein spinorψ coincides with the WK-spinor inProposition 5.2.

Proof. LetψM = ψ+
M + ψ−

M be a real Killing spinor, to Killing number−(λM/2m) ∈ R,
on the initial hypersurface(M2m, gM). We identifyM2m with the subspaceM2m × {0} ⊂
M2m × R. Let η̄ = ef

(∑2m
i=1E

i ⊗ Ei
)

+ eaf dt ⊗ dt ∈ WP(gM ; a) andψ = h+ψ+
M +

h−ψ−
M ∈ Γodd(ψM) satisfy the initial conditions

h+(0) = h−(0) = 1, f (0) = 0,

and

ft (0) = ±
√

4(λM)2

m2
+ 2ε(λQ − λM)

m(2m− 1)
(ψM,ψM),

where we can always controlε = ±1 and(ψM,ψM) = constant so that

4(λM)2

m2
+ 2ε(λQ − λM)

m(2m− 1)
(ψM,ψM),

is non-negative. Let IIM = −1
2ft (0)gM be the symmetric(0,2)-tensor field required to

prescribe initial data. Then, with the help ofLemma 7.1, one verifies that the initial data
(M2m, gM, IIM,ψM)satisfies the constraint equations inDefinition 6.1. Moreover, we know
that the evolution system inProposition 7.1is an autonomous equation and hence allows
a local solution satisfying the initial data. This proves the former part of the proposition.
Let us now suppose that the spinorψM is a parallel spinor (λM = 0). In this case, we may
assume thatψM = ψ+

M ∈ Γ (Σ+(M)) andψ = h+ψ+
M , and hence the evolution system in

Proposition 7.1simplifies to

ftt = aft ft
2

− ελQ

2m− 1
eaf〈h+, h+〉(ψ+

M,ψ
+
M),

h+
t = −m

2
fth

+ + (
√−1)2m+3λQ e(a/2)f h+.

On the other hand, sinceψ is (locally) an Einstein spinor, the equation

Ricη̄(F2m+1, F2m+1)− 1
2Sη̄ = Tη̄(F2m+1, F2m+1),

gives

m(2m− 1)

4
e−afftft = ελQ

2
〈h+, h+〉(ψ+

M,ψ
+
M).

Thus, it follows that the functionf must satisfyftt + 1
2(m − a)ftft = 0 whose solutions

are exactly the ones given inLemma 5.3, with n = 2m. �
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Now, we proceed to the other casen = 2m−1. Letϕ+
M be a spinor field onM2m−1 (note

that we have identifiedΣ(M) with Σ+(Q)). LetΓeven(ϕ
+
M) denote the space of all spinor

fields of the formϕ = h+ϕ+
M + k+E2m · ϕ+

M onQ2m = M2m−1 × R defined by

ϕ(x, t) = h+(t)ϕ+
M(x)+ k+(t)E2m · ϕ+

M(x), (x, t) ∈ M2m−1 × R,

whereh+, k+ : R → C are complex-valued functions. The following lemma is an imme-
diate consequence ofCorollary 4.2combined withLemma 5.1.

Lemma 7.2. Letϕ+
M be a real Killing spinor on(M2m−1, gM) with

∇gM
V ϕ+

M = − λM

2m− 1
V · E2m · ϕ+

M.

Then(ϕ+
M, ϕ

+
M) is constant onM2m−1, and the energy-momentum tensor, determined by

η̄ ∈ WP(gM ; a) andϕ ∈ Γeven(ϕ
+
M), is given by

Trη̄(Tη̄) = 1
2ελQ{(h+ϕ+

M, h
+ϕ+

M)+ (k+ϕ+
M, k

+ϕ+
M)},

Tη̄(V ,W) = ελM

2m− 1
ef/2(h+ϕ+

M, k
+ϕ+

M)η(V,W),

Tη̄(V , F2m) = − mελM

2m− 1
(h+V · E2m · ϕ+

M, k
+ϕ+

M),

Tη̄(F2m, F2m) = −ελM e−(f/2)(h+ϕ+
M, k

+ϕ+
M)

+ 1
2ελQ{(h+ϕ+

M, h
+ϕ+

M)+ (k+ϕ+
M, k

+ϕ+
M)}.

Proposition 7.3. For η̄ ∈ WP(gM ; a)andϕ ∈ Γeven(ϕ
+
M), the evolution equations(E1)–(E3)

for the Einstein–Dirac equation are equivalent to

(i) ftt = aft ft
2

− 8

(2m− 1)2
(λM)

2 e(a−1)f

− ελQ

2(m− 1)
eaf{(h+ϕ+

M, h
+ϕ+

M)+ (k+ϕ+
M, k

+ϕ+
M)}

+ 2m

(m− 1)(2m− 1)
ελM e(a−(1/2))f (h+ϕ+

M, k
+ϕ+

M),

(ii ) h+
t = −2m− 1

4
fth

+ − λM e(1/2)(a−1)f h+ + λQ e(a/2)f k+,

k+
t = −λQ e(a/2)f h+ − 2m− 1

4
ftk

+ + λMe
(1/2)(a−1)f k+,

where we may chooseh+, k+ to be real-valued functions.

Proof. Corollary 4.1implies thatϕ = h+ϕ+
M + k+E2m · ϕ+

M ∈ Γeven(ϕ
+
M) satisfies the

Dirac equation

Dη̄ϕ = λQϕ, η̄ ∈ WP(gM ; a),



E.C. Kim / Journal of Geometry and Physics 44 (2002) 376–405 403

on(Q2m, η̄) if and only if the second part (ii) of the proposition is true, whereh+, k+ may be
chosen to be real-valued functions. SubstitutingLemmas 5.1, 5.2 and 7.2in Proposition 6.1,
we obtain the first part (i) of the proposition. �

With the help ofPropositions 7.2 and 7.3, we prove the main theorem of the paper.

Theorem 7.1. Let (Mn, gM) be a Riemannian manifold admitting a real Killing spinor
ϕM . Then, for any real numberλQ ∈ R, there exists an open interval(−ω,ω) ⊂ R and a
warped product metric̄η onQn+1 = Mn×(−ω,ω) such that(Qn+1, η̄) admits an Einstein
spinorϕ to eigenvalueλQ. In particular, if ϕM is a parallel spinor, then the Einstein spinor
ϕ coincides with the WK-spinor inTheorem 5.1.

Proof. Because ofProposition 7.2, it suffices to prove the theorem for the casen = 2m−1.
Let ϕ+

M be a real Killing spinor, to Killing number−(λM/2m − 1) ∈ R, on the initial

hypersurface(M2m−1, gM). Let η̄ = ef
(∑2m−1

i=1 Ei ⊗ EI
)

+ eaf dt ⊗ dt ∈ WP(gM ; a)
andϕ = h+ϕ+

M + k+E2m · ϕ+
M ∈ Γeven(ϕ

+
M) satisfy the initial conditions

h+(0) = k+(0) = 1, f (0) = 0,

and

ft (0) = ±
√

16(λM)2

(2m− 1)2
+ 4ε(λQ − λM)

(m− 1)(2m− 1)
(ϕ+

M, ϕ
+
M),

where we can always controlε = ±1 and(ϕM, ϕM) = constant so that

16(λM)2

(2m− 1)2
+ 4ε(λQ − λM)

(m− 1)(2m− 1)
(ϕ+

M, ϕ
+
M),

is non-negative. Let IIM = −1
2ft (0)gM be the symmetric(0,2)-tensor field required to

prescribe initial data. Then, with the help ofLemma 7.2, one verifies that the initial data
set (M2m, gM, IIM,ψ

+
M = ϕ+

M, ϕ
+
M) satisfies the constraint equations inDefinition 6.2.

Moreover, as in the case ofn = 2m, we find that there exists a unique local solution to the
evolution system inProposition 7.3satisfying the initial data. One proves the latter part of
the theorem in a similar way as in the proof forProposition 7.2. �

The Einstein spinors ofTheorem 7.1do not generally extend toMn × R, since the
evolution system inProposition 7.1(resp.Proposition 7.3), in general, do not allow global
solutions. However, via reparametrization(−ω,ω) → R, we conclude that, indeed, there
exist global solutions to the Einstein–Dirac equation onMn × R.

Corollary 7.1. Let (Mn, gM) be a Riemannian manifold admitting a real Killing spinor.
Then, for any real numberλQ ∈ R, there exists a warped product metricη̄∗ onQn+1 =
Mn × R such that(Qn+1, η̄∗) admits an Einstein spinor to eigenvalueλQ.

Proof. We consider the casen = 2m. The same argument is valid for the other case
n = 2m− 1. By Theorem 7.1, there exists a solution(η̄, ψ) to the Einstein–Dirac equation
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onM2m × (−ω,ω) for some positive numberω, with η̄ = ef
(∑2m

i=1E
i ⊗ Ei

)
+ eaf dt ⊗

dt ∈ WP(gM ; a) andψ = h+ψ+
M + h−ψ−

M ∈ Γodd(ψM). Let γ : R → (−ω,ω) be a
diffeomorphism, e.g., defined by

γ (s) = 2ω

π
arctan(s), s ∈ R.

Now we pullback the metric̄η as well as the Einstein spinorψ to M2m × R via the
diffeomorphism

I × γ : M2m × R → M2m × (−ω,ω), (x, s) �→ (x, γ (s)).

In fact, using the diffeomorphismγ and the relations

dt

ds
= 2ω

π(s2 + 1)
,

ds

dt
= π

2ω
(s2 + 1),

we can explicitly express the pullbacked objects as

η̄∗ := (I × γ )∗(η̄) = ef
∗
(

2m∑
i=1

Ei ⊗ Ei

)
+ eaf∗ 4ω2

π2(s2 + 1)2
ds ⊗ ds,

wheref ∗(s) = (f ◦ γ )(s), and

ψ∗ := (I × γ )∗(ψ) = (h+ ◦ γ )ψ+
M + (h− ◦ γ )ψ−

M.

Obviously,(η̄∗, ψ∗) is a global solution to the Einstein–Dirac equation onM2m × R. �
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